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Abstract 

We give two explicit sets of generators of the group of functions over Q 
on the modular curve X 1 (N) supported on the cusps. 

The first set of generators is essentially the set of defining equations of 
A 1 (n) for n < N/2. It satisfies the same recurrence relation as the elliptic 
division polynomials, so this set of algebraic functions can be written down 
explicitly. Our result proves a conjecture of Maarten Derickx and Mark 
van Hoeij. 

The second set of generators is explicit in terms of classical analytic 
functions known as Siegel functions. 

Our proof consists of two parts. First, we relate our two sets of gen¬ 
erators. Second, we use g-expansions and Gauss’ lemma for power series 
to prove that our functions generate the full group of modular functions. 
The second part of the proof is partially inspired by a proof of Kubert 
and Lang. 


1 Introduction 

Let N > 1 be an integer. The modular curve Y 1 (N) is a smooth, affine, ge¬ 
ometrically irreducible algebraic curve over Q and is often denoted Y\ (N). It 
has the following property. For every field k of characteristic zero, if N > 4 or 
k is algebraically closed, then we have 

Y\N){k) = 

{(£, P) : E is an elliptic curve over k and P £ E(k) has order N}/ = . 

Here we write (£i,£i) = (£ 2 , £ 2 ) when there is an isomorphism </> : E\ —> £2 
with <j>(Pi) = £ 2 - The equality “=” is a functorial Galois-equivariant bijection, 
which we use to identify the left and right hand side. 

Our object of study is the group of modular units on Y 1 (N), that is, the 
unit group 0(Y 1 (N))* of the ring 0(Y 1 (N)) of regular functions over Q on 
Y 1 {N). The curve Y 1 (N) has a smooth compactification X 1 (N), and the group 
0(Y 1 (N))* equals the group of meromorphic functions over Q on X 1 (N) sup¬ 
ported at the set X 1 (N) \ F 1 (V) of cusps. 

*Universiteit Leiden, supported by NWO Vernieuwingsimpuls. The author would like to 
thank Peter Bruin, Maarten Derickx, Pinar Kiliger and Mark van Hoeij for useful discussions. 
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The Tate normal form (Section 12.11) gives embeddings Y 1 (N) <=> A 2 for all 
A > 4, and our first main result is as follows. 

Theorem 1.1 (Conjecture 1 of [2j). For all n > 4, let F n be the defining poly¬ 
nomial ofY 1 (n) inside A 2 as above. Then for all A > 4, the group 0(Y 1 (N))* 
is Q* times the free abelian group on B , D 1 T 4 , F $,..., Fjvy 2 j+i for explicit poly¬ 
nomials B and D. 


The polynomials B and D are given in Lemma 12.11 and it is known that 
the functions F n can be explicitly given in terms of a recurrence relation, which 
we will recall in Remark 12.91 The main theorem therefore gives the group 
0(Y 1 (N))* very explicitly. 

We prove the main theorem using modular forms over C. Let H C C be the 
standard upper half plane, H* = H U P 1 (Q) C P 1 (C), and 


r *(A) 



G SL 2 (Z) 


6 = 0,a = d= l mod A 


Recall the natural complex analytic isomorphism 

r^AOYH — Y 1 {N){ C) 

r 1 — > (C/A Ti t/N mod A T ), 


where A r = rZ + Z. The functions on A ' 1 (A) defined over Q correspond exactly 
to the meromorphic functions on T 1 (A)\H whose q-expansions (q = exp(27r ir)) 
are rational , that is, are in Q((g 1 / JV )). 

The group 0(T 1 (A))* equals the group of meromorphic functions on T 1 (A)\H* 
supported on P 2 (Q) with rational ^-expansion. 

Remark 1.2. Rationality of ^-expansions is the reason for using the nota¬ 
tion Y 1 (N) instead of the commonly used notation Y\ (A) for the same curve 
over Q. Had we used the group Ti (N) (dehned by c = 0 rather than 6 = 0) and 
P = (1/A mod r) to give the complex uniformisation of our modular curve, 
then the held of functions dehned over Q would not have corresponded to the 
held of functions with rational ^-expansion at the cusp at inhnity, but to the 
held of functions with rational expansion at the cusp zero (that is, a rational 
“exp (—27 t ir~ 1 )-expansion”). 


Our second main result is the following, which is a strengthening of a special¬ 
isation of a result of Hubert and Lang 0 Theorems 1 and 2]. For a G Q 2 \ Z 2 , 
let h a be the Siegel function as dehned in Section [?T?1 below. 

Theorem 1.3. Let 


S = 



1 e(k ) 
l (k/N,0) 


Vfc e(fc) G Z, 

£ fc e(fc) G 12Z, 

£ k k 2 e(k) G gcd(A, 2)AZ 


Then S is free abelian of rank \ N/ 2J and satisfies Q* x S = 0{Y 1 (N))*. 
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1.1 Overview and methods 

Our proof consists of two parts. The first part is Section [3] which relates the 
functions of Theorems 11.11 and Q via explicit expressions in both directions. 
This is based on formulas from the theory of elliptic divisibility sequences that 
relate division polynomials with the Weierstrass sigma function. 

The second part is Section [2 in which we show that our functions indeed 
generate the full group. As in Kubert-Lang [7], one of the key ideas is to use the 
fact that the space of modular forms of any given weight and level is generated 
by modular forms with integer coefficients. Together with Gauss’ Lemma for 
power series with bounded denominator, this will show that if g l is in our group 
for a modular function g , then so is g itself. We show that this idea works 
even better in the case of T 1 ( N) over Q than in the case of [7], yielding results 
that are less general, but stronger, simpler and more elegant than the results 
of [7]. A detailed overview of this part of the proof is given at the beginning of 
Section |4] 

Before we start the proof, Section [2] gives the functions appearing in both 
Theorems o and 11.31 and states more precise versions of Theorem 11.11 

2 The functions appearing in the main results 

2.1 The Tate normal form 

Let E be an elliptic curve over a field k and P G E{k) a point of order > 3 
(possibly non-torsion). 

Lemma 2.1 (Tate normal form). Every pair ( E,P ) as above is isomorphic to 
a unique pair of the form 

E :Y 2 + {1-C)XY - BY = X 3 -BX 2 , P=( 0,0) (1) 

for B,C G k with 

D := B 3 ■ ( C 4 - 8 BC 2 - 3 C 3 + 16 B 2 - 20 BC + 3C 2 + B - C) ± 0. 

Conversely, for every pair B,C G k with D ^ 0, equation |T]) gives a pair (A, P). 

Proof. Given ( E , P), start with a general Weierstrass equation 

Y 2 + A 4 XY + A 3 Y = X 3 + A 2 X 2 + A 4 X + A 6 . (2) 

As P does not have order 1 , it is affine, and we translate P to (0,0) yielding 
A 6 = 0. As P does not have order 2, we have A 3 ^ 0, and we add (A 4 /A 3 )X 
to Y to get A 4 =0. As P does not have order 3, we get A 2 ^ 0, and we scale 
X and Y to get A 2 = A 3 . Then we define C = 1 — A\ and B = — A 2 = — A 3 . 
This uses up all freedom for changing Weierstrass equations [5J 111.3.1(b)], so 
this form is uniquely defined. The quantity D is the discriminant of E, which 
is non-zero. 

Conversely, if D is non-zero, then ( E , P) defines an elliptic curve and a point 
on it, where the point does not have order 1, 2 or 3. □ 
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For any curve E given by a general Weierstrass equation y 2 + ci\xy + a 3 y = 
x 3 + CL 2 X 2 + CI 4 X + 06 and any n £ Z, the n-division polynomial ip n is given by 

^o=0, -01 = 1) ^2 = 2y + a 3 x + a 3 , 

V’n = V’gcd (n,2) ■ (X - x(Q)) if 71 > 0, 

Qe(£[n]\_E[2])/± 

1p-n = “V’n- 

For any non-singular point P on E, we have nP = 0 if and only if ip n (P) = 0. 

Let P n £ Z [B, C\ be the n-division polynomial ip n of the elliptic curve ([J) 
evaluated in the point P = (0, 0). In particular, if n > 4 and (E, P) corresponds 
to ( B , C) € k 2 with B ^ 0, then P £ E(k ) has order dividing n if and only if 
P n (B,C) = 0. 

Example 2.2. For positive integers n, the n-division polynomial is computed 
by Sage [10| with the command 

E.division_polynomial(n, two_torsion_multiplicity=l) 

(implemented by David Harvey and John Cremona using formulas similar to 
those of Remark 12.91 belowl. We get the following list. 

Pi = 1 

P 2 = (-1) • B 
P 3 = (-1) ■ B 3 
P± = C ■ B 5 

P 5 = (-1)-(-B + C)-B s 
P 6 = (-1). B 12 -{C 2 -B + C) 

P 7 = B 16 ■ ( C 3 -B 2 + BC ) 

P 8 = C ■ B 21 ■ ( BC 2 - 2 B 2 + 3 BC - C 2 ) 


For n > 4, let F n £ Z[B, C] be P n with all factors in common with D and 
Pd for d < n removed (well-defined up to Q*). Following [2], we let F 3 = B £ 
Z [B, C} and F 2 = B A /D £ Q(B, C). 

Example 2.3. 

F 2 = B ■ (C 4 — 8 BC 2 - 3 C 3 + 1 6B 2 - 20 BC + 3 C 2 + B - C) -1 

f 3 = b 

F i = C 

F 5 =C-B 

F 6 = C 2 ~ B + C 

F 7 =C 3 -B 2 + BC 

F 8 = BC 2 - 2 B 2 + 3 BC - C 2 
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For N > 4, the point P = (0,0) on E is of order N if and only if Fy = 0. 

In particular, we recover the following known model of Y 3 (N). 

Proposition 2.4. Let R = Q [B,C, D -1 ] C Q(B,C) and Spec(i?/Fy) C 
Spec(-R) C A 2 . Then for all N > 4 and all fields k of characteristic 0, we 
have Y 1 (N){k) = Spec(F/Fy)(fc). □ 

In fact, when being more careful, one could even make this into a model of 
Y 1 (N) over Z[l/iV], see [5] Corollary 45]. 

Corollary 2.5. For N > 4, Fy is an irreducible polynomial, and for N > 2, it 
coincides with F.y of Derickx and Van Hoeij ■ 

Proof. For N G {2,3}, we used the definition of [2]. For N > 4, they define Fy 
by Proposition 12.41 and it is irreducible as Y 1 (N) is. □ 

Let N > 4 be an integer. In the previous section, we found a model for 
Y 1 (N) given by the equation Fn = 0 inside the surface A. In particular, by 
taking B , C, D , Fk and Pk modulo Fy, we get modular functions b, c, d, fk and 
Pk on V 1 (7V) for all k,N G Z with k > 2 and N > 4. Derickx and Van Hoeij 
show that they are modular units, that is, functions with divisors supported at 
the cusps. Let 0(Y 1 (N))* C Q (X 1 (N))* be the group of modular units. Our 
main result is the following. 

Theorem 2.6 (aka Theorem 11.11 above, aka Conjecture 1 of [1]). The group 
0(Y 1 (N))*/Q* is the free abelian group on f 2l fs, U, ■ ■ ■, /|y/ 2 j+i- 

Before we start the proof, we rewrite the theorem in terms of p n using the 
following lemma. 

Lemma 2.7. For all n > 3, we have ( F 2 ,F t 3 ,..., F n ) xQ* = (B , D, P 4 , P 5 , ..., P n ) x 
Q*. 

Proof. Let G n be the left hand side and H n the left. We prove by induction 
on n that we have G n = H n and that all irreducible factors of Pd for d < n are 
in G n . 

For n = 3, we have F$ = B and F 2 = B 4 /D by definition, hence also 
D = B 4 /F 2 . As B and D/B 3 = F 2 _1 F 3 are irreducible, the induction hypothesis 
follows for n = 3. 

Suppose now that the induction hypothesis holds for n = k— 1. By definition 
Fk is Pk except for factors in common with D and Pd for d < k, but by the 
induction hypothesis all such factors are in Gk -1 = -fffc-i- In particular, we get 
Gk = Hk- As Fk is irreducible by Corollary 12.51 we get the result. □ 

By Lemma [2771 we find that Theorem 12.61 is equivalent to the following. 

Theorem 2.8. The group 0(Y 1 (N))*/ Q* is the free abelian group on b, d, 
P4,P5> • • • ,PlN/2\ + l- 

Remark 2.9. The division polynomials il> n , and hence our polynomials P n and 
our functions p n , satisfy the following recurrence relation. For all m,n,k G Z, 
we have 


'lfm+n'lfm—n'4’k — '4 J m+k'4^m—k'^ n '4 J n+k'^n—k'^ m 
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Taking ( k,m,n ) = (1,1 + 1,1) or (1,1 + 1,1 — 1), we get 
^2Z+1 = 4>l+2' l l>? ~ 

V>2 1 = l (4’1+2'4’f-i ~ tPl-2^l+l) . 

which gives p n for all n > 5 starting from the initial terms p\, P 2 , P 3 , Pa of 
Example 12.21 

Example 2.10. The curve X 1 (5) is defined by 0 = F§ = C — B, that is, by 
B = C. We compute 


Pi 

= 

1 

P2 

= 

— C 

P3 

= 

-c 3 

PA 


c 6 

P5 

= 

0 

14 

P6 


— C 

P7 

= 

c 19 

25 

P8 

= 

c 

P9 

= 

-c 32 

P 10 

= 

0 

d 

= 

c 5 - 


(c 2 — 11 c — 1 ), 

which indeed all lie in the group generated by b = c and d. 

Example 2.11. The curve Ad ( 6 ) is defined by 0 = fe = C 2 — B + C, that is, 
by B = C(C + 1). We compute 


Pi = 

1 


P2 = 

— C 

• (c+ 1) 

P3 = 

-c 3 

.(c+1) 3 

PA = 

c 6 

.(c+1) 5 

P5 = 

c 10 

• (c+1) 8 

P6 = 

0 


P7 = 

-c 20 

• (c + 1) 16 

P8 = 

-c 26 

• (c +1) 21 

P9 = 

c 33 

• (c +1) 27 

PlO = 

c 41 

•(c + 1) 33 

d 

c 6 

•(c + 1) 3 - 


which indeed all he in the group generated by b = c(c + 1 ), d and pa- 

2.2 Siegel functions 

This section defines the Siegel functions of Theorem 11.31 and recalls their trans¬ 
formation properties and ^-expansions. Our main reference for this section is 
Fricke [3] . We start by recalling the well-known Weierstrass sigma function and 
Dedekind eta function. 


2.2.1 Lattices, sigma and eta 

By a lattice, we will always mean a discrete subgroup A C C of rank 2. For 
example, for r G H, we have a lattice A r = rZ + Z. For u>i,u>2 6 C with 
r = W1/W2 £ H, we have a lattice wiZ + uj 2 Z = W2A1-. 
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We define the Weierstrass sigma function by ([U (1) on p.258]) 

er( 3 ,A) = x ]] (i - —)exp (— + ^(-) 2 ) 
w \ w 2 w J 

we a x 7 

cj^=0 

for all z £ C and all lattices A C C. We also define a(z, r) = cr(z, A r ). 

Let £(z,A) = be the logarithmic derivative of a (01 (6) on p.209]). 

Is is quasi-periodic in the sense that we have 

C(z + uJi,A) = C(z,A) + r]i, 

for some 771,772 £ C, which we call the basic quasi periods associated to u>i,u >2 [2 
(4) on p. 196] . They satisfy the Legendre relation W 1772 — W 2771 = 27ri ([5J (6) on 
P-160]). 

Let 77 (not to be confused with 771 and 772) be the Dedekind eta function 

OO 

•q(r) = ( 7 1 / 24 JJ (1 — q n ) where q = exp(27r ir). 


2.2.2 Klein forms and Siegel functions 

For a = ( 01 , 02 ) £ Q 2 \ Z 2 and A = uqZ + u 2 Z, define the Klein form 

t 0 (wi,w 2 ) = exp (-l(oi 77 i + 02772 )(aiwi + a 2 w 2 )) o (aiuii + a 2 w 2 , A). 

Our Klein form equals — a g h(u>i, 1 ^ 2 ) in the notation of [H ( 6 ) on p.451] where 
(. g/n,h/n ) = a. 

Define for a = (oi, 02 ) £ Q 2 \ Z 2 the function 

t o,{t) =U2 1 i a (ui,W2), (3) 

which by (7) on p.452] depends only on a and r = wi/w 2 £ H, not on wi 
and w 2 . 

Define the Siegel function 

h a = 27T77 2 t a . 


Remark 2.12. Our Klein forms and Siegel functions are the same as those in 
Kubert and Lang @0 up to multiplication by a constant and taking fractional 
powers. Kubert and Lang do not have the factor ■) in the exponent in the 
definition of t a (wi,w 2 ) (( 8 J p.176]), but this is either due to a typo in J] or due 
to different scaling conventions on e.g. u! t and/or 77 j. Indeed, the definition as we 
have given it satisfies El K2 on p.177], and it would not have done so without 
the factor 

The notation of Kubert and Lang varies a bit from paper to paper. For 
details of the relations between the functions, see the following equalities, where 
a superscript II refers to [ 6 } and IV to [7] . Moreover, in the case of II, a positive 
integer N is understood to be fixed and we have a = ( r/N , s/N). Up to constant 
factors, we have 


t = t 11 = + IV 

v cl ^r,s v a ) 

ha = ( 3 , n s ) 1/(12Ar) = h™ 


gi v if 2a £ Z 2 , 
(g™)* if 2a £ Z 2 . 
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Lemma 2.13. The Siegel functions h a have the following expansions and trans¬ 
formation properties for all a = (ai, a 2 ) G Q 2 \ Z. 

1. Write q a = exp(2nia 2 )q ai . If 0 < a\ < then we have 

OO 

h a = c(a)q^ a *- a '+i\ 1 - q a ) [](1 - q n q a )( 1 - q n q~ a ), (4) 

n= 1 

where c(a) = i exp(7ria2(ai — 1)) is a constant. 

2 . h— a = h a . 

3. V 1+ „ ljQ2+ „ 2) = for all (m,n 2 ) G 

Z 2 , 

4- ^(ai-j-1,0) ^(ai,0)- 

5. h a up to multiplication by roots of unity depends only on the class of a 
in (Q 2 /Z 2 )/ {±1}. 

6 . For all 

M= ( 7 d ) e SL 2 (Z), 

we have 

K(Mt) = e(M)h aM (r), (5) 

where e(M) G C* is such that for all r G H, 

+ 5)ti(t) 2 . ( 6 ) 

7. The function e from the previous point satisfies e(M) 12 = 1 and 

\ ^ ^ = exp(27r*/12) _1 . 

Proof. The expansion in |T] is Fricke [U (7) on p.452], but note that our q is the 
square of the q of Fricke. Equivalently, the expansion is — i times Kubert and 
Lang [Sj K5 on p.178]. 

The identity /i_ a = —h a of [2] follows from the anti-symmetry of er as a 
function of z. 

The identity of [3] is Fricke HJ (4) on p.451]. Identity 0] is a special case of [3] 

Observation [5] follows immediately from [2] and |3J. 

As r] 24 has level 1, if we let e(M,r) = t](Mt ) 2 /((yr + S)t](t) 2 ), then we get 
e(M, r) 12 = 1, hence e(M, r) is independent of r, call it e(M). A numerical 
evaluation yields the example value of 0, so it remains to prove equality J5]) 
in [Gl 

First, 31 (3) on p.451] (equivalently [5], K1 on p.177]) gives 



In terms of r = W 1 /W 2 , this reads (by ([3])) 



(ywi + 5w 2 )t a (MT) = w 2 t a M(r). 


Now multiply this equality by 2n and m to get 

(ywi + <5w 2 )h 0 (Mr) = (yr + S)uj 2 e(M)h a M{r), 
which proves do)) . 


□ 


3 Relating the functions 

We now give the first part of the proof of the main theorems: relating the 
groups given by the sets of generators of the theorems. We start by expressing 
the functions P n and p n of Section 12.11 in terms of the Weierstrass cr-function. 

3.1 The Weierstrass sigma function 

To any lattice A C C of rank two and any z £ C, we associate the elliptic curve 
E with E( C) = C/A and the point P = (z mod A) € E{ C). After putting the 
pair (E, P) in Tate normal form, we get B and C as functions in z and A. In 
particular, we get expressions for P n in terms of z and A. The following result 
gives these expressions. 

Let A = A(A) be the discriminant of the classical Weierstrass equation 


W :y 2 = 4x 3 - g 2 ( A)x - 53 (A). 


(7) 


Proposition 3.1. Let 



Then we have for all integers n 


P n = and D = U 12 A. 


Proof. Let p(z, A), 52(A), 53(A) be the usual Weierstrass functions and p' = 
Then for any v £ C, we get a point (x,y) = (p(u, A), p'(v, A)) on dTJ) . 

We put the classical Weierstrass equation W in Tate normal form relative to 
the point P = (xo,5o) = (p(z, r), p'(z, r)). The transformation is of the form 
X = u 2 {x + f), Y = 7}U 3 (y + rx + s) with u , r, s, t functions of z and r. 

First, we compute the discriminant D of the Tate normal form. Note that 
the discriminant of the elliptic curve y 2 = f{x) is 16 times the discriminant of 
the polynomial f(x). We get 


D =-16 H (X(Q 1 )~X(Q 2 )) 


Qi#Q2GB[2]\{0} 


=-16it 12 (x(Qi) - x(Q 2 )) 


Qi^Q2&E{2]\{0} 


Similarly, we compute 
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where the square root is chosen to be a monic polynomial in X times 1 or times 
Y + \a\X + ^ 03 . It is a classical fact that the following holds (for a proof, see 
Theorem 2.7 of Looij pQ) 

n 2 II ( x ~ x ( < 9)) = ( a ( nz ’ A )M Z > A)” 2 ) . 

QeE[n]\{ 0} 

The proof works by fixing the lattice A and showing that both sides are elliptic 
functions for that lattice with the same divisor and with equal leading terms in 
their power series. Looking up the square root in pQ, we find that it differs from 
ours by a factor (—l) n+1 . In particular, we get 

P n = {-u) n2 ~ 1 a{nz,A)/a(z,A) n ~ = (-u) n2_1 4> n , (8) 


so it suffices to prove u = —U. 

Proving u = —U could be done by a lengthy computation of the Tate normal 
form from W. Instead, simply note 


B 3 P 3 


(-uf- 1 $3 

(_ u )3(2»-l) $3 




which finishes the proof. 


□ 


There is a natural complex analytic isomorphism T 1 (A r )\H —» Y 1 (N) given 
by sending r G H to ( C/A Ti t/N mod A r ), so we interpret functions on Y 1 (N) 
as functions on H. We then have the following. 

Corollary 3.2. Let 

(j ( nT q-\ 

<j>n= W ^ U = ^3/(02) 3 - 

Then for all integers TV > 4 and n G Z the following identities of meromorphic 
functions hold on Ah (TV): 

p n = u n ~ l (j) n and d = (2nr] 2 u) 12 . 


Proof. Take A = A r and z = t/N in Proposition 13.11 and use the well known 
fact that A(A t ) = (27t?7(t) 2 ) 12 □ 


3.2 The functions p n in terms of h a and vice versa 

Now that we have expressed the functions p n in terms of Weierstrass a- functions, 
we use these expressions to express the p n in terms of Siegel functions and to 
express Siegel functions in terms of the functions p n . 

Lemma 3.3. Let 

t _ h (l/N,0) h (3/N,0) 

t - ^3 • 

tl (2/N,0) 

Then for all integers TV > 4 and n we have 

Pn = t n2 ~ X , ( ' i/jV,Q) and d= q)) 12 on X 1 (N). 
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Proof. In the notation of Corollarv l3.2l we have 

a(nT /TV, r ) f(n/iv,o) ^(n/7V, o) 


cr(r/TV, r) r 


(1/JV,0) ^(l/iV,0) 




2\n -1 


h( n /Nfi) ( fyl/AT.O) 


1 { 1 /N, 0 ) 


U = </>30 2 d = t 


1 —TV 


Pn=U 


"2 


= t' 
, 12 


2 irr ) 2 

h(l/N, 0 ) 
2 np 2 
2 _i h( n /N, o) 


h, 


(1/!V,0) 


d = ( 2 Tufu) = {th { i/iv.o)) 12 , 
so the result follows. 


□ 


Let to = LTV/2J. Next, we express p m +i in terms of h^/N, o) with 1 < k < m 
using the periodicity and symmetry of h^/Nfl) in k. 

Lemma 3.4. Let t be as in Lemma HOI let to = [N/2 \, and let v = t gcd< - 2 ’ N ' >N . 
Then we have 

vp m , if TV is odd, 

vp m - 1 , if TV is even. 


Pm +1 — 


Moreover, each of d, — b = P 2 tPAtP 5 tPSi ■ ■ ■ ,Pm+ 1 is of the form 


J ~ II r \k/N, 0)’ 


k =1 


where for every k G {1, 2,..., to} we have e(k ) G Z, and where we have 

m m 

e(k) G 12Z and ^ fc 2 e(fc) G TVgcd(TV, 2)Z. 


(9) 


fe=i fe=i 

Proof. Suppose first that IV is odd, so TV = 2m + 1. Lemma RO gives 
Pm+l = t ( ' m+1 ' ) 1 d(( m+ i)/jV ! 0)/^(l/AT,0) 

and by Lemma |2.13|2| and H we have /i(( m +i)/iv,o) = -h(-( m +i)/ N ,o) = fym/JV,o)> 
hence 

Pm+l = 1 d( m /JV,0)/^(l/AT,0) = Vp m . 

If TV is even, then TV = 2m and —1 = t 2N t^ m ~ 1) “ 1 ) go the same 

calculation gives p m +i = vp m - 1 . 

A straightforward calculation verifies Q for each expression in Lemma |3.31 
or 13.41 Indeed, the value of e(fc), k 2 e(k)) G Z 2 is 

(l,fc 2 ) for Ti( fe /jv,o), 

(0, —1) for t, 

for d, 

for with 1 < n < to, 
for d and hence for p m +i- 

□ 


( 12 , 0 ) 

( 0 , 0 ) 

(0, — gcd(TV, 2)TV) 
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Now that we have expressions of p n in terms of h(j~/ jv,o)) it is a matter of 
solving a system of linear equations to obtain the reverse expressions. These 
expressions are given in the following result. 

Proposition 3.5. Given e £ Z m satisfying © and given 

m 

f — TT h e ^ 

J ~ II a (fc/iV,0)’ 
fc =1 

let a = jh e(k ) and /? = (fVgcd(2, TV)) -1 k' 2 e(k). Then we have 

m 

f = d a (p N _ m _ 1 P ~\n Pn {k \ (10) 

k =1 

where p± = 1, P 2 = — 6 , P 3 = — 6 3 , and iV-m-lG {m — 1, m}, so 
/ £ (- b,d,pi,p 5 ,... ,p m + i) c 0(Y 1 (N))*. 


Proof. Note that Lemma T3 . 31 gives 




-Ee(fc) 


fc=l 


n- 

fe=i 


e(k) 

\k/N, 0) 


m 




e(fe) 

(k/N,oy 


fc =1 


As Lemma ro gives n = p m +iPjv-m-i’ t^i® proves (fTTTll . The formulas for pi, 
P 2 and P 3 are in Example ©a. □ 

Summary 3.6. Let S be the group of functions of the form nl~i ^(i/jv o) 
satisfying ©. In order to prove Theorems 11.11 11.31 12.61 and 12.81 it suffices to 
prove that S has rank m and that S x Q* contains 0(Y 1 (N))*. 

Proof. We have already established that the functions given in Theorems 11.11 
12.61 and 12.81 generate the same group T C 0{Y 1 {N))* (see Lemma \2. 71 and the 
paragraph above Theorem 12.61) . Lemma T3.31 and Proposition ©5] show that the 
group S' x Q* of Theorem 11.31 is equal to the group T x Q*, hence is contained 
in 0(Y 1 (N))*. 

In order to prove in each of the four theorems that the given group equals 
0(Y 1 (N)) it now suffices to prove the other inclusion: S x Q* D 0{Y 1 {N)). 
And in order to prove for each of Theorems ll.ilI2.6l and r2.8l the that the m given 
functions generate a free group, it suffices to prove that S is free of rank m. □ 


4 Using the power series 

Recall that S is the group of functions of the form Jll-Li o) satisfying ©' 
where m = |_iV/2J. As stated in Summary 13.61 it now suffices to prove that S 
has rank m and 0(Y 1 (N))* C S x Q*. 

Section rrn uses g-expansions to show that the Siegel functions h(k/N,o) f° r 
k = 1, 2,..., to are multiplicatively independent. The group they generate then 
has the correct rank. 

Section [4.21 combines the above with Gauss’ Lemma for power series to show 
that 0(Y 1 (N))* is contained in (h^/N, o) : k = 1, 2,..., m — 1) x (/i(m/ 2 V o)) x Q*- 
Section H© then finishes the proof of 0(Y 1 {N))* cSxQ’ using explicit 
SL 2 -actions. 
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4.1 The rank 

Proposition 4.1. The functions fyfc/jv.o) for k = 1, 2,..., m are multiplicatively 
independent modulo C*. In other words, if we have 

m 

n^/ko^c* 

*:=i 

for any e G Z fc , then we have e = 0. 

Proof. We prove the result using g-expansions. For a = ( 01 , 02 ) £ Q , let 
q a = q ai exp(27ria2). Recall from Q that if 0 < ai < then 

OO 

ha = qi^~ a ^\ 1 - q a ) [] (1 q n q a )(l - q n q~ a ). 

n= 1 

If ag 1 " is the lowest term of a Laurent series /, then the reduced form of / is 
f* = //(ag r )- We compute 

/i* ai0 ) = 1 - 9 ai + 0(g 1_ai ) for 0 < Oi < 5, and (11) 

h* {1/20) = l~2q 1 / 2 + O(q 3 / 2 ). 

It suffices to prove that the functions 0 ) f° r 1 < k < m are multiplicative- 
linearly independent modulo C*. So suppose that we have Jll-Li 0 ) ^ C* 
for some 0 / e £ Z m . Let ko be the smallest positive integer with e(fco) 0. 
Then (fill) gives 

1 = TT (h* - / 1 ~ e ( k o)<l ko/N + O{q( ko+1 '>/ N ) if 2 k 0 ± N, and, 

11 y n {k/Nfi)) 1 1 - 2e(k 0 )q ko/N + O(g (feo+1)/Jv ) if 2k 0 = N. 

k=ko v 

We get e(fco) = 0, contradiction. □ 

Corollary 4.2. Let S be the group of functions h^ N satisfying (J9]). Then 
the image of S in C(y 1 (7V))*/Q* has finite index. 

Proof. Proposition 14. II shows that S has rank to. We have 

rk(0(y 1 (IV))7Q*) < # ({cusps of A^AOj/GaKQ/Q)) - 1. 

As the right hand side is to by [5J footnote 4 on p.4], this proves the result. □ 

We recover the following consequence of the Manin-Drinfeld theorem M, 
which states that the cuspidal parts of modular Jacobians are torsion. 

Corollary 4.3. The group 

Div 0,cusp (A 1 (IV)) 

0{Y 1 (N))*/Q* 

is finite. 

Proof. As seen in the proof of Corollarv l4.2l the two groups in the quotient both 
have rank to. □ 
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4.2 Higher roots of power series 

In the previous section, we have shown that every / G 0(Y 1 (N))* can be 
expressed as a product of powers e flfeLi rfkjN o) with e e Q m and c G C*. The 
current section is devoted to proving that the exponent e(fc) is an integer for 
k N/2. The key idea, taken from Kubert and Lang [7| is to combine Gauss’ 
lemma for power series with the fact that q-expansions of modular forms have 
bounded denominators. 

We call a power series / G Z [ [rc] ] primitive if the ideal generated by its 
coefficients is (1). We then have the following variant of Gauss’ lemma. 

Lemma 4.4. Let /, g G Z[[a:]] be primitive power series. Then fg G Z[[z]] is 
also primitive. 

Proof. Given any prime number p, take the lowest-order terms of (/ mod p) 
and ( g mod p) (which exist by primitivity). Their product is a non-zero term 
of {fg rnodp), so p\fg. □ 

We say that a Laurent series / G Q((a;)) has a bounded denominator if there 
is a non-zero d G Z such that df G Z((x)). 

Corollary 4.5. Let /, g G Q[[x]] be power series with bounded denominator 
and constant term 1. If fg is in Z[[x]], then f,g G Z[[a;]]. 

Proof. Take a, b G Z such that af and bg are primitive in Z[[x]]. Then ( ab)(fg ) 
is primitive by Lemma T4.41 hence a, b G {±1}- □ 

Proposition 4.6 (Special case of Lemma 3.1 of Kubert and Lang HI)- Let / 
be a modular unit with rational q-expansion, that is, in Q((q 1 ^ M )) for some M. 
Then the q-expansion has bounded denominator. 

Proof. See [7j Lemma 3.1] for the proof, of which we give a sketch here. After 
multiplying by a power of g 24 , the function becomes a cusp form. The vector 
space of cusp forms of given weight is generated by forms with integer Fourier 
expansions, hence the result follows. □ 

For a formal power series / with constant coefficient 1, we define f a ^ b to be 
the unique 6th root of /“ with constant coefficient 1, and for a meromorpliic 
function / on H, we denote by f a ^ b any 6th root of f a . 

Proposition 4.7. Suppose / is a modular function of any level and suppose 
that we have 

m 

f — c TT h e{k) 

•' ll ' (k/N,0) 
k= 1 

with e G Q m and c G C*. Then for all k we have e(k) G Z if 2k ^ N and 
e(fc) G ^Z if 2k = N. 

Proof. Taking reduced forms on both sides, we get 

m 

(n n = U( h * W N,o)r eW 

k= 1 

for some n with ne G Z m . The right hand side has integer coefficients, so by 
Proposition H?ni and Corollary 14.51 we find that /* has integer coefficients. 
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We prove the result by induction on k. Suppose it is true for all k < ko- 
Then we have 


ko — 1 m 

r n ( h wN,o)r e{k) = n (*(*/*, 0) ) e(fc) - 

k— 1 k=ko 

The left hand side has integer coefficients. By the formula in the proof of 
Proposition ld.il the right hand side is 

1 = TT (h* - I 1 ~ e(k 0 )q ko/N + O(g( feo + 1 )/ Ar ) if 2ko J- N, and, 

^11 y n (k/N,o)) \ 1 - 2e{k 0 )q k °/ N + O(q^ 0+1 ^ N ) if 2k 0 = N. 

Hence the result follows. □ 

4.3 Proof of the main theorems 

Next, we use the action of SL 2 . Note that by Summary 13.61 and ProDOsition ld.il 
the following result finishes the proof of Theorems 11.1111.3112.61 and 12.81 . 

Theorem 4.8. Let f G 0(Y 1 (N))*. Then f = cj]feLi ^(fc/jvop w here c € Q* 
and e G Z m are uniquely determined by f and satisfy that is, 

Y e (k) G 12Z and Y fc2 e(fc) G N S cd ( N , 2 ) z - 
k k 

Proof. By Corollarv ld.21 we find that / can be written as c ]”[ h e ^) N with e(k) G 
Q. Here c and e are uniquely determined by Proposition Id. 11 Moreover, the 
numbers e(l), e(2),..., e(m— 1) are in Z by Proposition ld.7l Next, we prove ©, 
which also implies e(m) G Z. 

Consider the matrix 

m= ( \ J ) gt 1 ^). 

Then we have /(Mr) = /(r), so we inspect the action of M on the func¬ 
tions /i(fc/jv,o)■ Lemma l2.13lfil and ITlgives htunv n\(Mr) = exp(27ri/12) _1 /i(fc/jv,o)( r ) 
for this matrix M. In particular, we get )T) fc e(k) G 12Z. 

Next, consider the matrix 

m = ( l f ) g r^iv). 

Again we have /(Mr) = /(r), that is, /(Mr) = /(r + N), which shows that 
the ^-expansion of / is in C((g 1 / Ar )). In the product expansion (HJ), we consider 
the leading term — iq 2 ( a i~ a ^+e) (with a± = k/N) of h^/N, o)- As the leading 
term of / is a constant times a power of q l ^ N , we get 

1 m 1 

^£e(/c)(6fc 2 -6fclV + lV 2 )G-Z. 
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As we already have ^e(fc) G 12Z, we get 


Y e(k)(k 2 - kN) G 2NZ c NZ, 

fe =1 

hence in particular e{k)k 2 G IVZ. If IV is odd, then this finishes the proof. If 
N is even, then we get 

m m 

{1-N)Y e( fc )^ 2 = Y e ( fc )( fc2 - ) 

k =1 fc=l 

m 

= e(fc)(fc 2 — fclV) = 0 mod 2NZ, 
k= 1 

and since IV — 1 is coprime to 2IV, this proves © and hence e(m) G Z. 

It remains to prove c G Q*. Let g = f/c, which is in 0(Y 1 (N))* by Propo- 
sition [531 Then c = f jg is a constant in 0(Y 1 (N))* , hence is in Q*. □ 
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